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Abstract
In the present work, based on a one-dimensional model, the interaction of two solitary waves propagating in opposite directions in
a collisionless plasma is investigated by use of the extended Poincaré–Lighthill–Kuo (PLK) method. It is shown that bi-directional
solitary waves are propagated and the head-on collision of these two solitons occur. The phase shifts and the trajectories of these
two solitons after the collision are obtained.
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1. Introduction
It is well known that one of the striking properties of solitons is their asymptotic preservation of form when they
undergo a collision, as ﬁrst remarked by Zabusky and Kruskal [11]. The unique effect due to the collision is their phase
shift. In a one-dimensional system, there are two distinct soliton interactions. One is the overtaking collision and the
other is the head-on collision [9,8]. Because of the multisoliton solutions of the Korteweg-de Vries (KdV) equation,
the overtaking collision of solitary waves can be studied by the inverse scattering transformation method [3] and Zou
and Su [12]. For the numerical analysis of overtaking collisions of solitary waves it is worth of mentioning the works
by Li and Sattinger [7] and Haragus et al. [4]. However, for a head-on collision between two solitary waves, we must
examine the solitary waves propagating in opposite directions, and hence we need to employ a suitable asymptotic
expansion to solve the original conducting ﬂuid equations. Using the extended Poincaré–Lighthill–Kuo (PLK) method,
Su and Mirie [9] and Mirie and Su [8] studied the head-on collision of solitary waves in a shallow water theory. Huang
andVelarde [5] studied the head-on collision of two concentric cylindrical ion-acoustic solitary waves and obtained the
phase shifts of right and left going waves. In this context, it is worth of mentioning the works by Xue [10] on head-on
collision of the blood solitary waves and by Demiray [2] on head-on collision of solitary waves in ﬂuid ﬁlled elastic
tubes.
In the present work, based on a one-dimensional model, the interaction of two solitary waves propagating in opposite
directions in a collisionless plasma is investigated by use of the extended PLK method [8,3,5]. It is shown that
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bi-directional solitary waves are propagated and the head-on collision of these two solitons occur. The phase shifts and
the trajectories of these two solitons after collision are obtained.
2. Wave interactions
In this work, we shall study the head-on collision of solitary waves propagating in a collisionless plasma. The well-
known dimensionless set of equations describing the nonlinear ion-acoustic waves in a one-dimensional collisionless
plasma is [1]
ni
t
+ 
x
(niu) = 0,
u
t
+ uu
x
+ 
x
= 0,
2
x2
+ ni − exp() = 0, (1)
where u is the ﬂow velocity of ions, ni is the ion density and  is the electric potential. Denoting the ﬂuctuation of the
ion density from its equilibrium value by n, i.e., ni = 1 + n, the above equation can be written as
n
t
+ u
x
+ 
x
(nu) = 0,
u
t
+ uu
x
+ 
x
= 0,
2
x2
+ 1 + n − exp() = 0. (2)
We shall assume in plasma two solitons A and B, which are asymptotically far apart at the initial state and travel towards
each other. After some time has elapsed, they collide with each other and then depart. In order to analyze the effect
of collision we shall employ the extended PLK perturbation methods [5,6]. This method is the combination of the
conventional reductive perturbation method with the technique of strained coordinates. According to this method, we
introduce the stretched coordinates as (see [10])
1/2(x − t) =  + P0(, ) + 3/2P1(, , ) + · · · ,
1/2(x + t) =  + Q0(, ) + 3/2Q1(, , ) + · · · ,
t3/2 = , (3)
where  is a small parameter measuring the weakness of dispersion, P0,Q0, P1,Q1, . . . are some unknown functions
to be determined from the solution. Then, the following operators can be introduced:

x
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

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
)
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


+ Q0



)
+ · · · ,

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(
− 

+ 

)
+ 3/2
(


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


+ Q0



)
+ · · · . (4)
We shall assume that the ﬁeld quantities may be expressed as asymptotic series in  as
n = n1 + 2n2 + · · · ,
u = u1 + 2u2 + · · · ,
 = 1 + 22 + · · · . (5)
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Introducing expansions (4) and (5) into Eqs. (2) and setting the coefﬁcients of like powers of  equal to zero we obtain
the following sets of differential equations:
O() equations:(
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+ n1

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O(2) equations:(
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2
+ 
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2
+ 2
21

+ n2 − 12
2
1 − 2 = 0. (7)
2.1. Solution of the ﬁeld equations
From the solution of set (6) we obtain
2u1

= 0. (8)
The solution of which yields
u1 = U(, ) + V (, ), (9)
where U and V are two unknown functions whose governing equations will be obtained later. The solution of the
remaining functions may be given by
n1 = 1 = U(, ) − V (, ). (10)
To obtain the solution for O(2) equations, we introduce the solutions given in (9) and (10) into Eq. (7) to have(
−n2

+ n2

)
+
(
u2

+ u2

)
+ U

− V

− 2P0

U

− 2Q0

V

+ 2U U

− 2V V

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(
−u2

+ u2
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)
+
(
2
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+ 2

)
+ U

+ V

− 2P0

U

+ 2Q0

V

+ U U

+ V V

+ U V

+ V U

= 0,
2U
2
− 
2V
2
+ n2 − 12 (U
2 + V 2 − 2UV ) − 2 = 0. (11)
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Eliminating 2 between the last two equations of (11) we have
(
−u2

+ u2

)
+
(
n2

+ n2

)
+ 
3U
3
− 
3V
3
+ 2V U

+ 2U V

+ U

+ V

− 2P0

U

+ 2Q0

V

= 0. (12)
The solution of Eqs. (11)1 and (12) for u2 and n2 yields the following result:
u2 = F(, ) + G(, ) − 12
[
U

+ U U

+ 1
2
3U
3
]
 + 1
2
[
V

+ V V

− 1
2
3V
3
]

+ M(, )U

+ N(, )V

+ 1
4
(
V 2 + 
2V
2
)
− 1
4
(
U2 − 
2U
2
)
, (13)
n2 = F(, ) − G(, ) − 12
[
U

+ U U

+ 1
2
3U
3
]
 − 1
2
[
V

+ V V

− 1
2
3V
3
]

+ M(, )U

− N(, )V

− UV + 1
4
(
V 2 + 
2V
2
)
+ 1
4
(
U2 − 
2U
2
)
, (14)
where F(, ) and G(, ) correspond to the homogeneous solution of the differential equation for u2. Here, the
functions M(, ) and N(, ) are deﬁned by
M(, ) = P0(, ) − 12
∫ 
V (′, ) d′, N(, ) = Q0(, ) + 12
∫ 
U(′, ) d′. (15)
As is seen from Eqs. (13) and (14), u2 and n2 approach to inﬁnity as ,  → ±∞. Therefore, in order to remove the
secularity for the solution for u2 and n2 the coefﬁcients of  and  must vanish, which results in the following KdV
equations:
U

+ U U

+ 1
2
3U
3
= 0, (16)
V

+ V V

− 1
2
3V
3
= 0. (17)
Furthermore, the terms M(, )U/ and N(, )V/ appearing in (13) and (14) do not cause any secularities at
this order but they will become secular in the next order. Therefore, the coefﬁcient functions M(, ) and N(, ) must
vanish
M(, ) = P0 − 12
∫ 
V (′, ) d′ = 0, (18)
N(, ) = Q0 + 12
∫ 
U(′, ) d′ = 0. (19)
These equations make it possible to determine the unknown functions P0(, ) and Q0(, ), provided that U(, ) and
V (, ) are known. As a matter of fact, the functions U(, ) and V (, ) can be obtained from the solution of (16)
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and (17). The remaining parts of (13) and (14) become
u2 = F(, ) + G(, ) + 14
(
V 2 + 
2V
2
)
− 1
4
(
U2 − 
2U
2
)
, (20)
n2 = F(, ) − G(, ) + 14
(
V 2 + 
2V
2
)
+ 1
4
(
U2 − 
2U
2
)
− UV . (21)
As is well known, the KdV equations given in (16) and (17) have the following solitary wave solutions:
U = UA sech2 A, V = −UB sech2 B , (22)
where
A =
(
UA
6
)1/2 (
 − UA
3

)
, B =
(
UB
6
)1/2 (
 + UB
3

)
, (23)
where UA and UB are amplitudes of the corresponding waves propagating in opposite directions.
Hence, from Eqs. (18) and (19), we obtain the functions P0 and Q0 as
P0 = −(6UB)1/2 tanh B, Q0 = −(6UA)1/2 tanh A. (24)
Hence, up to O(2), the trajectories of two solitary waves for weak head-on interaction are
1/2(x − t) =  − 3/2(6UB)1/2 tanh B + O(2),
1/2(x + t) =  − 3/2(6UA)1/2 tanh A + O(2). (25)
To obtain the phase shifts after head-on collision of two solitary waves, we shall assume that the solitary waves
characterized by UA and UB are asymptotically far from each other at the initial time (t =−∞), solitary wave UA is at
= 0, = −∞, and the solitary wave UB is at = 0, = +∞, respectively. After the collision (t = +∞), the solitary
wave UB is far to the right of solitary wave UA, i.e., the solitary wave UB is at  = 0,  = +∞, and the solitary wave
UA is at  = 0,  = −∞. Following Su and Mirie [9] and Xue [10] and using Eq. (25), the corresponding phase shifts
+ and − may be obtained as follows:
+ = 1/2(x − t)|=0,=∞ − 1/2(x − t)|=0,=−∞ = −3/22(6UB)1/2, (26)
− = 1/2(x + t)|=0,=−∞ − 1/2(x + t)|=0,=∞ = −3/22(6UA)1/2. (27)
This result is quite similar to those obtained by Su and Mirie [9] and Xue [10].
3. Conclusion
By use of the extended PLK perturbation method, the interaction of two solitary waves propagating in opposite
directions in a collisionless plasma is investigated. The derived result shows that, up to O(2), the head-on collision
of two solitary waves is elastic and the solitons preserve their original properties after the collision. The leading
order analytical phase shifts of head-on collision between two solitary waves are derived explicitly. The higher order
corrections may give some additional information about the structure of the collision event. This is especially true for
large amplitude cases.
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